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This paper presents a method for using visual image correlation (VIC) data to 
decouple the rigid-body-motion of a flexible wing from elastic deformation.  Estimating 
the elastic deformation can be used to gain insight into the unsteady aerodynamics 
associated with flapping flight.  By making use of a dynamic VIC system, which 
measures the full-field displacements, the entire flapping motion for a wing can be 
measured.  If the experiment is setup carefully, the combination of the rigid-body-
motion and motion due to flexibility can be measured simultaneously for a single 
specimen.  Discussed in this paper is a method for determining the homogeneous 
transformation matrix (HTM) associated with the rigid-body-motion.  The HTM is used 
to project the rigid body motion to the flexible portions of the wing, thereby, separating 
the elastic deformation from the total wing displacement.  A series of static tests 
involving known rotations and deformations were carried out to test the method.   
Following validation, the method was applied to VIC data from two different flexible, 
flapping wings and contours of the wing deformations were successfully generated. 

Nomenclature 
HTM  =  homogeneous transformation matrix 
Rx, Ry, Rz  =  rotations about the x-, y-, and z-axes, respectively 
tx, ty, tz  =  translations in the x-, y-, and z-directions, respectively 
u, v, w  =  displacements in the x-, y-, and z-directions, respectively 
uHTM  =  uncertainty in the homogenous transformation matrix 
uu , u v, u w  =  uncertainty in the displacement measurements 
uΓ , uΨ, uΘ  =  uncertainty in the rotation angles 
X, Y, Z  =  reference location in the x-, y-, and z-direction, respectively 
θΗΤΜ  =  sensitivity of the rotation angles to the homogenous transformation matrix 
Γ  =  flapping angle (rotation about y axis) 
Ψ  =  sweep angle (rotation about z axis) 
Θ  =  feather angle (rotation about x axis) 
 

I. Introduction 
HERE is interest in the research community to further develop the technologies associated with micro air 
vehicles (MAVs) and their ability to perform in tightly confined environments at widely varying flight 

conditions.  Such applications require that MAVs be highly agile and adaptable, much like the natural fliers seen 
today.  In the pursuit of improving MAV flying capabilities, engineers have turned to biology

T 
1,2 for inspiration.  

One common characteristic seen among natural fliers capable of highly agile and versatile flight is flexibility.  
Wing flexibility allows fliers to readily adapt to changing flight conditions, either through passive mechanisms 
such as adaptive washout or by active morphing of the wing shape to increase lift.  Flexibility is also exploited 
by marine mammals in the generation of thrust3.  Cetaceans rotate their flukes during the swimming motion to 
keep a positive angle-of-attack with respect to the water flow.  This rotation changes the camber of the flukes, 
which increases the lift and thrust. Fixed-wing MAVs whose wing structures are fabricated of an aeroelastic 
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material have been shown to have advantages over their rigid counterparts, particularly in regards to the 
improved pitching moment curve and ability to store energy that would normally be lost to wing-tip vortices and 
wake4. 
 
While flexible fixed-wings do have an advantage over rigid ones, they still do not meet all of the agility and 
versatility requirements for low-speed flight in constricted environments.  Biology has shown that natural fliers 
who fly at low speeds use flapping rather than fixed-wings.  This is seen in birds, bats, and insects.  Bats, in 
particular, showcase extremely complex wing motion that enables them to execute highly agile maneuvers in 
very small spaces5.  Natural fliers make use of resonant excitation to flap their wings efficiently at high 
frequencies and vary the wing beat between flight modes2.  
 

6With the many examples of natural fliers exploiting flexible, flapping wings , it is worth investigating the 
kinematics and dynamics of such motion. The wing kinematics and dynamics need to be decoupled when 
applying biologically-inspired technologies to MAVs. For instance, the IMU and system identification only 
require knowing the rigid-body-motion. However, combining the wing mechanics of flexible wings7 with 
feedback control similar to that seen in biological organisms requires knowing the elastic deformation.  A 
dynamic visual-image-correlation system provides a means for simultaneously measuring both rigid-body-
motion and deformation and is already being used extensively on flexible, fixed-wing MAVs, as documented in 
Ref. 4.  The method for setting up flapping-wing VIC experiments and estimating the elastic deformation using 
the data obtained is presented in this paper.  

 

II. Methodology 
Visual image correlation (VIC) provides a means of measuring in-plane and out-of-plane displacements for a 

test specimen undergoing any combination of motion and deformation.  The technique originated from the 
University of South Carolina under the work of Dr. M. Sutton8,9.  It uses stereo triangulation to measure the 
displacement of points on a surface over time. Stereo triangulation requires the test specimen to be covered in a 
random, speckled pattern with as little glare as possible. Snapshots of the specimen are taken by high-speed 
cameras and processed through the VIC software where the movement of each speckle is tracked. This, in turn, 
provides the motion and deformation of the specimen.  

 
Given a flexible wing, if VIC data for a rigid portion of the wing is available, it is possible to estimate the 

complete set of rotations and translations describing the wing motion.  To achieve the above result, the 
homogeneous transformation matrix10 (HTM) describing the rigid body motion must be solved for.  By 
knowing the starting reference point and the final position after displacement, the elements of the HTM can be 
found using a best-fit method for the entire area-of-interest (AOI).  The area-of-interest pertains to the portion of 
the wing which is selected for image correlation.  Definitions for the rotation angles and translations are 
presented in Figure 1 – Figure 4. 

 
z

 
 

Figure 1.  Definition of flapping angle, Γ. Figure 2. Definition of sweep angle, Ψ. 
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Figure 3. Definition of feather angle, Θ. Figure 4. Translations pertaining to the 
displacement of the AOI centroid. 

 
The HTM describes the motion of the AOI about its origin: the centroid of the AOI prior to wing movement.  

It is constructed by premultiplying four homogeneous matrices: three for the angles of rotation (Γ,Θ, Ψ) and one 
for the translation (tx, ty, tz).  Order of multiplication is important when dealing with matrices.  For this 
experiment, it will be assumed the y-axis rotation occurs first, followed by the z’-axis rotation, and then the x”-
axis rotation.  This gives the following transformation matrix, 
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Applying the HTM across the points in the AOI, equations for the displacement along each axis can be 
written as,  
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where i = 1,…,Ndata points       (3) 

The displacement equations can be restructured into the form b = Ax where b is a vector of VIC 
measurements, A is a matrix of the known reference points, and x corresponds to a row of elements in the HTM 
(see Eqn. 4). It is the elements of the HTM that are unknown and must be solved for. 
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These matrices can easily be programmed into MATLAB and a least-squares regression used to arrive at the 

values of HTMij that yield the best match to the solution, b.  The coefficients HTMi4, where i=1,…,3, are the 
three translations.  The remaining coefficients, HTMij, where i=1,…,3 and j=1,…,3, are the trigonometric 
functions of the rotation angles.  By knowing the values of the coefficients, HTMij, that make up the 
transformation matrix, extracting the rotation angles is relatively straightforward through inverse trigonometry.  
The question is which elements of the HTM matrix should be used. Mathematically, using any combination of 
the elements should yield the same rotation angles.  However, it will be discussed in a later section that errors 
arising from noise and from scaling issues will make some choices better than others.  Presented below are the 
equations for acquiring the rotation angles from the first two columns of the HTM. 
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When analyzing data from the flexible portion of a specimen, it is understood the total displacements of the 
AOI include elastic deformation on top of the rigid-body-motion.  By defining  as the frame of reference 
for the flexible AOI, then, 
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  (6) 

The transformation matrix, HTM, based on the rigid AOI, can be used to project the rigid-body-motion to 
the flexible AOI.  Care must be taken to transform the (X,Y,Z) coordinates of the flexible AOI to the rigid AOI 
reference frame, zyx ,, , prior to applying the transformation matrix.  Assuming  is not rotated with 
respect to 

zyx ˆ,ˆ,ˆ
zyx ,, , then this is accomplished through simple translation.  Otherwise, rotation must be taken into 

account and will require careful setup of the experiment to know the orientation of the flexible AOI reference 
frame with respect to the rigid.  Equation 7 shows the complete homogeneous transformation matrix, where Tf 
represents the translation to the origin of the rigid AOI and HTM0 is the transformation matrix at that origin. 
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Finally, the rigid-body-motion is calculated using the HTM, and the result subtracted from the total 
displacement.  The remaining values represent the elastic deformations (see Eqn. 8).  
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III. Validation 
A series of tests performed under static conditions were used to test the validity of estimating the HTM. For 

each test, a carbon fiber wing was positioned at a known rotation angle with a known deformation applied at the 
tip of the wing (see Figure 5).  The objective was to apply the HTM algorithm and estimate the rotation angle 
and tip deformation solely based on the VIC data. In each test case, the starting reference position was set to 0° 
rotation and no deformation.  Rotation angles were applied by mounting the wing vertically on a turntable 
incrementally marked in degrees.  A caliper mounted vertically and affixed to the lab table by a magnet was 
used to apply the wing tip deformation at maximum span.  During this experiment, repetition tests at three 
separate angles, with no tip deformation, were carried out to estimate the uncertainty in the displacement 
measurements.  These tests each consisted of 50 snapshots taken with the wing held fixed.  Any non-zero values 
for the measured displacements were considered errors. 

 

Caliper 
applying 
deformation 

VIC Camera 1 VIC Camera 2 

Carbon Fiber Wing  
(painted white with 
black speckling)

 
Figure 5. Experiment setup for the validation tests. 

 
In order for the HTM algorithm to work, both a rigid and a flexible AOI are needed. In this case, the rigid 

AOI was considered to be the flat plate upon which the wing was mounted.  Shown in Table 1 are the applied 
rotations and deformations.  The resulting rotation angle estimates had errors on the order of 0.2°.  The 
estimates of the deformation were off by 0.3 to 0.9 mm, however, it should be noted that the area-of-interest for 
these tests did not extend completely out to the tip of the wing span.  Therefore, the estimated tip deformations 
actually correspond to a location just before the applied deformation.  
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Table 1. Text matrix for Validation of HTM Algorithm 

10 20 30 Rotation, Γ [°] 

2 4 6 2 4 6 2 4 6 Tip Deformation [mm] 

 

 
Figure 6. Mean Error and Standard Deviation of Measured Displacement. 

 
Two observations were made during the validation and repetition tests.  First, the magnitude of the mean 

measurement error increases with the flapping angle, as seen in Figure 6.  The error magnitude ranges from 
1.82e-03 to 1.29e-02 mm.  Vertical bars in the figure represent the standard deviation of the mean error with the 
out-of-plane displacement showing the largest standard deviation.  Secondly, due to the error in the 
measurements, it is sometimes possible for the estimated HTM elements to have values that fall just outside of 
the trigonometric domains (i.e. slightly greater than 1).  For instance, in the test case of a 10° rotation, the 
element of the HTM that corresponded to cos(Ψ)cos(Θ) was estimated as 1.0007 (recall, both Ψ and Θ were 0° 
and, thus, this value should have been 1).  A tolerance was applied by assuming values greater than 0.999 can be 
approximated as 1.0 to avoid processing errors during program execution.  It is anticipated this does not 
significantly affect the data-processing results. 

 

IV. Dynamic Tests 

A. Experimental Setup 
Having validated the mathematics behind the HTM algorithm, a second experiment was carried out under 

dynamic conditions.  In this experiment, two different wings, both composed of rigid and flexible parts, were 
subjected to a flapping motion.  Measurements with the VIC system were used to extract both the kinematic 
motion of the wings and the deformations.  The first wing was acquired from a commercially available vehicle 
which is capable of flapping flight. A kite-like material that does not stretch is placed over carbon fiber rods to 
form the wing (see Figure 7).  During discussion of the experiment and results, this wing will be referred to as 
the kite wing.  The second wing was fabricated at the MAV Lab at the University of Florida in Gainesville.  It is 
composed of thin latex stretched over a carbon fiber frame (see Figure 8).  The latex is 0.33 mm thick and can 
stretch significantly.  The wing perimeter is made with bidirectional carbon fiber while the battens are 
unidirectional.  This wing will be referred to as the latex wing.  
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Figure 7. Underside of the kite wing. Figure 8. Underside of the latex wing. 

 
The body frame of the vehicle, which is simply a thin carbon fiber frame in the shape of a bird’s side profile, 

is mounted vertically in front of the VIC system.  One of the kite wings is removed and replaced by the UF latex 
wing.  Each wing is coated with white paint and speckled with black.  When processing a dynamic test, it is 
essential that data for both the rigid and flexible AOIs are part of the same image file.  This is ensured by 
affixing a rigid plate to the inboard section of the test wing. The plate will act as the rigid AOI.  During each 
test, the wing is attached to an electromagnetic shaker via a rigid rod and universal joint with low friction (see 
Figure 9).  The electromagnetic shaker (Ling Dynamic Systems V201/3-PA 25E) is capable of frequencies up to 
13,000 Hz.  It acts as a linear actuator to provide the flapping motion.  An interface between the linear actuator 
and a laser doppler vibrometer system allows for several input control signals: sinusoidal, white noise, chirp, 
and others.  A sinusoidal signal is fed to the linear actuator at a user-specified frequency.  A load cell (Bruel & 
Kier 8230) is placed between the structure and the linear actuator, with a sensitivity (of particular concern for 
light-weight membranes) of 110 mV/N.  The cameras were set to record at 100 fps and 1 second’s worth of data 
was processed for each test.  Displayed in Table 2 is the test matrix for this experiment. Figure 10 shows the kite 
wings mounted vertically for a dynamic test and the electromagnetic shaker. 

 

Electromagnetic 
Shaker 

Universal 
Joint 

  
VIC Camera 2VIC Camera 1

Figure 9. Universal joint and rigid rod 
affixed to the underside of the latex wing. 

Figure 10. Experimental setup of a dynamic test with the 
kite wing. 

 
Table 2. Test Matrix for Flapping Wing Experiment 

 Input Signal Frequency (Hz) 
Kite Wing 5 10 

Latex Wing 5 10 

B. Data Post-Processing 
Data from the VIC system is post-processed using MATLAB.  The VIC data contains the starting position 

(X, Y, Z) of all data points within the AOI, the corresponding displacements (u,v,w), and other parameters such 
as the correlation and the in-plane strains.  The MATLAB code reads in the data files for both the rigid AOI and 
flexible AOI.  It is important that the rigid AOI files are synchronized with the flexible AOI files; otherwise, the 
results will not be valid.  The HTM is extracted from the rigid AOI data and then applied to the flexible AOI 
data to get the rigid-body-motion.  From that, the elastic deformations are calculated and returned in a series of 
2-D and/or 3-D plots. Other outputs of the MATLAB code include the sensitivity of the rotation angles to the 
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estimated HTM, pooled means and standard deviations for repetition tests, and the location of the maximum 
deformation for each time step (in the case of dynamic tests). 

 
For post-processing analysis, the angle of the reference frame, i.e. the first frame whose displacements are 

“0”, must be known.  For these experiments, the reference frame corresponds to the wing plane being horizontal.  
This was accomplished by adjusting the wing position to 0° flapping angle.  The VIC cameras were commanded 
to record images prior to the initiation of the flapping motion.  The VIC correlation was carried out with the 
reference frame visually selected as the image just before wing movement.  

 

V. Results 

A. Wing Motion 
Upon running the algorithm against the four sets of data from the dynamic experiment, the time histories of 

the flapping angle were obtained (see Figure 11).  The flapping angle shown corresponds to the rigid plate.  
While the input signal into the linear actuator was the same amplitude for each test, the amplitude of the output 
signal from the load cell was adjusted so as not to exceed its acceleration limits. 

 

  
a) 5-Hz input signal b) 10-Hz input signal 

Figure 11.  Time history of the flapping angle, Γ, during the dynamic test. 
 
The plots in Figure 11 include confidence intervals for the values of the flapping angle.  These confidence 

intervals are based on the uncertainty in both the displacement measurements and the coefficients of the HTM.  
Shown in Table 3 are the displacement uncertainties estimated at 95% probability.  Table 4 shows the flapping 
angle uncertainties based on the error propagation of the measured displacements and estimated HTM.  Of 
particular interest is the rather large uncertainty of 1.01° for the latex wing flapping at 10 Hz compared to the 
uncertainties of the other wing specimens.  

 
Table 3. Uncertainty in the measured displacements of the kite and latex wings 

uU uV uW 
0.002750 0.000370 0.002890 

 
Table 4. Uncertainty in the flapping angle of the kite and latex wings 

 5 Hz 10 Hz 
Kite Wing 1.06e-02° (1.86e-04 rad) 8.94e-03° (1.56e-04 rad) 

Latex Wing 1.68e-03° (2.93e-05 rad) 1.01° (1.77e-02 rad) 
 

B. Uncertainty in Rotation Angle Estimates 
Recall that in the previous section, it was mentioned care should be taken as to which columns of the HTM 

are used for calculating the rotation angles.  This is because of the nature in which the coefficients of the HTM 
are arrived at.  Since a least-squares regression is used, coefficients pertaining to very small numbers (i.e. small 
X, Y, or Z coordinates) will have a larger uncertainty (refer to Eqn. 9).  Presented in Eqn. 10 is the build-up of 
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the rotational angle uncertainties, taking into account the sensitivity, θHTM, of the angle to the HTM coefficients 
from which it was derived, 
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For the kite wing flapping at 5 Hz, the rigid AOI had very small values for Z and relatively large values for 
X and Y.  This resulted in a large uncertainty for all coefficients in the 3rd column of the HTM; hence the reason 
for using the first two columns to calculate the rotation angles (see Eqn. 11).  However, not every test case had 
the largest uncertainties in the 3rd column of the HTM.  For instance, the latex wing flapping at 10 Hz showed 
the largest uncertainties to be in the first column (see Eqn. 12).  Ideally, the code should perform an uncertainty 
analysis of the HTM matrix and determine the appropriate coefficients for calculating the rotational angles.  
This check will be added to the algorithm for future applications. 
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⎤

⎢
⎢
⎢
⎢

⎣

⎡

−−−−−−−−
−−−−
−−−−

−−

=
002890.0008360.00508.1017700.0
000370.0001070.00630.2002260.0

002750.0007940.00571.1016800.0

10, e
e
e

u LHTM  (12) 

C. Wing Deformation 
The estimated wing deformations and projected rigid-body-motions are presented below, grouped according 

to the type of wing.  Figure 12a – 12b show contour plots of the kite wing at 5-Hz flapping frequency and Figure 
12c – 12d pertain to a 10-Hz flapping frequency.  The contours capture the wing deformation during the start of 
the upstroke (see Figure 12a and 12c) and the start of the downstroke (see Figure 12b and 12d).  Since the kite 
material does not stretch, its deformation is solely out-of-plane, lending a unidirectional appearance to the 
contour plots.  The larger flapping frequency, though limited by a smaller flapping angle, had larger wing 
deformation: ±12 mm for the 10-Hz frequency versus ±6 mm for the 5-Hz.  It was noted that in Figure 12a - 
12b, the top edge of the contour plots, which is near the wing leading edge, experienced deformation.  Further 
investigation showed the measured displacement of the wing to have a feather angle offset from that of the 
projected rigid-body-motion (see Figure 13).    
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Results for the latex wing are shown in Figure 14 and Figure 15, following the same layout as that used with 
the kite wing.  Unlike the kite wing, which does not stretch, the latex wing is elastic such that its deformation is 
both in-plane and out-of-plane.  This generates the rounded contour bands seen in Figure 14.  Just as with the 
kite wing, the larger flapping frequency was limited by a smaller flapping angle but had larger wing 
deformations.  Wing twist is also observed as shown by the non-zero deformation along the leading edge of the 
contours.  Figure 15 displays the combined wing twist and elastic deformation occurring at the 10-Hz flapping 
frequency. 
 

  
a) Start of upstroke (5 Hz signal) b) Start of downstroke (5 Hz signal) 

  
c) Start of upstroke (10 Hz signal) d) Start of downstroke (10 Hz signal) 

Figure 12. Upstroke and downstroke contour plots for the kite wing. 
 
 

  
a) Start of upstroke (5 Hz signal) b) Start of downstroke (5 Hz signal) 

Figure 13. Measured displacement of the kite wing plotted against the projected-rigid-body motion. 
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a) Start of upstroke (5 Hz signal) b) Start of downstroke (5 Hz signal) 

  
c) Start of upstroke (10 Hz signal) d) Start of downstroke (10 Hz signal) 

Figure 14. Upstroke and downstroke contour plots for the latex wing. 

 
 

  
a) Start of upstroke (10 Hz signal) b) Start of downstroke (10 Hz signal) 

Figure 15. Projected rigid-body-motion plotted against measured displacement for the latex wing. 
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VI. Conclusions 
 A method for decoupling the kinematics of wing motion from the deformation of a flapping wing using 
measurements from a dynamic VIC system was tested and validated.  The method constructed the homogeneous 
transformation matrix from the motion of a rigid plate affixed to the wing and then projected that motion to the 
area-of-interest.  This provided a straightforward means of subtracting the rigid-body-motion from the total 
displacement of the wing, thereby acquiring the wing deformation.   
 
Application of this decoupling method to test data from a flexible, flapping-wing provided a time history of the 
flapping angle.  Errors in the estimated flapping angle ranged from 1.06e-02° to 1.01°, indicating that a careful 
check of the uncertainties in the HTM should be carried out prior to the estimation of the projected rigid-body-
motion.  The method was able to provide contour plots depicting the elastic quality of the latex wing, which 
experienced both in-plane and out-of-plane deformations, versus the kite wing which experienced out-of-plane 
deformations only.  Wing twist was also captured in the estimated deformations. 
 
Future work with this decoupling method will involve using the dynamic VIC in conjunction with wind tunnel 
testing.  This method will be useful for gaining insight into the mechanics and flow-structure interactions that 
occur with flapping motion and possibly lead to a better understanding of how wing flexibility effects the lift 
and thrust characteristics in flapping wings. 
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